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1  
INTRODUCTION 
In  1967,  dur ing  a  spec ia l  pane l  d iscuss ion  presented  a t  t ine  Th i r teen th  
Annua l  Meet ing  o f  the  Amer ican  Nuc lear  Soc ie ty ,  Edwards  (1 )  descr ibed  
severa l  ma jor  p rob lems s t i l l  encountered  in  sh ie ld ing  ana lys is  today .  He 
s ta ted  tha t  " the  major  weakness  . . .  is  tha t  inexpens ive  reasonab ly  
accura te  d i rec t  des ign  methods  and computer  p rograms a re  no t  ava i lab le"  fo r  
sh ie ld ing  ana lys is .  He fu r ther  went  on  to  say  tha t  "we need to  be  ab le  to  
ca l cu la te  t he  spa t i a l  and  ene rgy  d i s t r i bu t i ons  o f  neu t rons  and  gamma rays ,  
i nc lud ing  secondary  gamma rays ,  w i th in  reac to r -sh ie ld  assembl ies  and the  
spa t ia l ;  energy ,  and angu la r  d is t r ibu t ions  o f  leakage neut rons  and gamma 
rays . "  
The te rmina t ion  o f  h is  ta lk  was concerned w i th  h is  sugges t ions  fo r  
improv ing  the  cur ren t  sh ie ld ing  ana lys is  s ta tus .  i t  i s  in te res t ing  to  c i te  
h is  c los ing  remarks  because o f  the i r  re la t ionsh ip  to  th is  work .  He sa id ,  
"A  method wh ich  1 be l ieve  deserves  renewed a t ten t ion  
i s  the  opera to r  mat r i x  method.  Ex is t ing  r igorous  
t ranspor t  p rograms,  bo th  d isc re te -ord ina te  and Monte  
Car lo ,  cou ld  e i ther  be  used d i rec t l y  o r  mod i f ied  
s l igh t l y  fo r  use  in  ca lcu la t ing  re f lec t ion ,  t rans­
miss ion ,  and in te rna l  response mat r i ces  fo r  inc ident  
mat r i ces  o f  neut rons  and gamma rays  on  in f in i te  s labs  
o f  f in i te  th ickness .  These opera to r  mat r i ces  cou ld  
very  we l l  inc lude  the  e f fec t  o f  in te rna l  secondary  
sources .  These opera to r  mat r i ces  cou ld  then  be  
app l ied  cheap ly  in  a  de ta i led  mat r i x  ana lys is  o f  
mu l t i l ayered  sh ie lds  o f  d i f fe ren t  mater ia ls .  The 
add i t iona l  inpu t  requ i red  wou ld  be  neut ron  and gamma 
ray  mat r i ces  inc ident  on  each face . "  
One such  opera to r  mat r i x  method i s  the  t ransmiss ion  mat r i x  method 
deve loped by  Yarmush,  Ze l l ,  and Aronson (2 ) .  Th is  i s  the  method employed 
in  th is  inves t iga t ion ,  and 'much o f  the  genera l  theory  p resented  here in  i s  
based on  the i r  deve lopment .  
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The t ransmiss ion  mat r i x  method computes  t ransmiss ion  and re f lec t ion  
mat r i x  opera to rs  fo r  a  homogeneous  s lab  o f  a rb i t ra ry  th ickness  f rom the  
t ransmiss ion  and re f lec t ion  func t ions  o f  an  in f in i tes ima l ly  th in  s lab  o f  the  
same mater ia l .  To  a  f i r s t  order  approx imat ion  in  the  th ickness  var iab le ,  
on ly  the  unco i l ided  f lux  and the  once-sca t te red  f lux  need be  cons idered  in  
ca lcu la t ing  the  t ransmiss ion  and re f lec t ion  func t ions  fo r  a  very  th in  s lab .  
Because o f  th is  approx imat ion ,  these  func t ions  may be  ob ta ined d i rec t l y  in  
te rms o f  bas ic  c ross  sec t ions .  Thus ,  i f  one de f ines  an  incoming  f lux  
vec to r  whose components  de f ine  the  energy  and angu la r  d is t r ibu t ion  o f  the  
f luX j  the  t ransmiss ion  and re f lec t ion  mat r i x  opera to rs  w i l l  t rans fo rm th is  
incoming  vec to r  in to  an ou tgo ing  vec to r  in  energy  and ang le .  
In  th is  inves t iga t ion ,  the  t ransmiss ion  mat r i x  method i s  app l ied  to  
the  t ranspor t  o f  gamma rad ia t ion  th rough th ree  d i f fe ren t  mater ia ls ;  water ,  
lead ,  and u ran ium.  in  a  11 cases ,  the  geomet ry  i s  one-d imens iona l .  To  
ver i f y  the  resu l ts  ob ta ined by  th is  method,  d i f fe ren t ia l  energy  spec t ra  and 
bu i ldup  fac to rs  fo r  the  th ree  mater ia ls  a re  ca lcu la ted  f rom the  t ransmi t ted  
f lux  vec to rs  and compared w i th  resu l ts  tabu la ted  in  Go lds te in  (3 ) .  
in  add i t ion  to  the  inves t iga t ion  o f  gamma rad ia t ion  t ranspor t  i n  homo­
geneous  s labs ,  the  method i s  app l ied  to  two- layer  s labs  made up  o f  lead  and 
water .  Ca lcu la t ions  o f  gamma ray  t ransmiss ion  th rough he terogeneous  s labs  
have been ma in ly  ca lcu la ted  by  the  Monte  Car lo  method.  Us ing  th is  method.  
Bowman and Trubey  (4 )  ob ta ined the  bu i ldup  fac to rs  fo r  perpend icu la r  gamma 
ray  sources i nc iden t  upon lead-water  s t ra t i f ied  s labs .  From these resu l ts ,  
Ka los  (5 )  deve loped a  semi -empi r i ca l  fo rmu la  to  approx imate  the  bu i ldup  
fac to rs  in  a  two- layer  s lab  by  us ing  the  bu i ldup  fac to rs  and absorp t ion  
fac to rs  o f  the  ind iv idua l  layers .  Broder ,  Kayur in ,  and Kutuzov  (6 )  have 
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der ived  a  compara t ive ly  s imp le  semi -empi r i ca l  fo rmu la  fo r  ob ta in ing  the  
bu i ldup  fac to rs  fo r  i so t rop ic  po in t  gamma sources  inc ident  upon lamina ted  
s labs  in  te rms o f  the  bu i ldup  fac to rs  o f  the  ind iv idua l  laminae.  The 
bu i ldup  fac to rs  fo r  two- layer  s labs  ob ta ined in  th is  repor t  a re  compared 
w i th  those ob ta ined by  the  fo rmu la  der ived  by  Broder ,  e t  a l .  
To cu lmina te  th is  inves t iga t ion ,  the  t ransmiss ion  o f  secondary  gamma 
rad ia t ion  due to  thermal  neu t ron  cap ture  i s  ca lcu la ted .  The vo lume d is t r i ­
bu ted  secondary  gamma source  i s  approx imated  by  a  f i n i te  number  o f  p lane 
sources ,  and the  t ransmiss ion  mat r i x  method i s  app l ied  to  each source  
ind iv idua l l y .  The to ta l  t ransmi t ted  f lux  i s  then s imp ly  the  sum o f  the  
t ransmi t ted  components  due to  each p lane source .  
4  
GENERAL THEORY 
The H and W Mat r i ces  
A one-d imens iona l  s lab  o f  th ickness  t  i s  cons idered  
0 ,  
F  i  gure  1 .  S lab  sh ie ld  
where  0^  and a re  respec t ive ly  the  incoming  and ou tgo ing  d is t r ibu t ions  in  
ang le  and energy  on  the  le f t  face  o f  the  s lab ,  and 0 -  and a re  the  ou t ­
go ing  and incoming  d is t r ibu t ions  on the  r igh t .  i f  one exc ludes  photon-
photon  reac t ions ,  there  i s  a  l inear  opera to r  H( t )  such  tha t  
where  and 
0 .  
=  H( t )  
>i1 
( 1 )  
0 .  
L^J  
are  two-component  vec to rs  and H( t )  i s  a  two by  two 
_  '_J  
mat r i x  o f  opera to rs .  The H( t )  opera to r  i s  charac te r is t i c  o f  the  s lab_,  and  
con ta ins  a l l  the  in fo rmat ion  o f  in te res t .  
I t  can be  seen tha t  i f  there  i s  a  second s lab  cont iguous  to  the  o r ig i ­
na l  s lab  on  the  r igh t ,  then  the  appropr ia te  H opera to r  fo r  th is  combina t ion  
I  s  
H =  H]  (2)  
5 
where  H^ i s  the  H opera to r  fo r  the  f i r s t  s lab  ( the  one on  the  le f t )  and 
i s  the  H opera to r  fo r  the  second s lab .  In  genera l ,  i f  there  a re  n  ad jacent  
s labs ,  then  the  appropr ia te  H opera to r  fo r  the  sys tem i s  
H =  H H ,  H.  H i  (3 )  
n  n -1  /  I  
where  H.  i s  the  H opera to r  fo r  the  i - th  s lab  count ing  f rom the  le f t .  
To f ind  the  fo rm o f  the  H opera to r  o f  a  s lab  in  te rms o f  the  usua l  
t ransmiss ion  and re f lec t ion  opera to rs ,  one has  
#2  =  T0,  +  (4)  
=  R0J +  102 (5)  
where  
T  =  the  t ransmiss ion  opera to r  fo r  rad ia t ion  inc ident  on  the  le f t  
T  =  the  t ransmiss ion  opera to r  fo r  rad ia t ion  inc ident  on  the  r igh t  
R .  =  the  re f lec t ion  opera to r  fo r  rad ia t ion  inc ident  on  the  le f t  
R =  the  re f lec t ion  opera to r  fo r  rad ia t ion  inc ident  on  the  r igh t .  
-1  "  1 For  s imp l ic i t y  one may de f ine  U =  T  and U =  I  .  I f  the  s lab  i s  
symmet r ic  be tween le f t  and r igh t ,  and i f  i t  i s  homogeneous ,  then  T =  T  and 
— 
R =  R ;  however ,  i n  the  case o f  ad jacent  s labs  o f  d i f fe ren t  mater ia ls ,  
these  equa l i t ies  do no t  ho ld .  
Equat ions  4  and 5  may be  so lved  fo r  0^  and the  resu l ts  a re  
1^2 =  T" ' " '  ( i i i -R0 | )  =  -  U*R0 j  +  (6 )  
and 
02  =  T0]  +  R"  ( -U"R0 j  +  
( 7 )  




n  te rms o f  the  vec to rs  and 1^1  equat ions  6  and 7  may be  represented  









Compar ing  equat ions  7  and 1 one  can see  tha t  
t - r " 'u " r  r " 'u "  
H =  
-U R U 
(9 )  
There fo re ,  cons ider ing  on ly  homogeneous  lamina ted  s labs ,  the  H opera to r  
becomes 
T-RUR RU 
H =  
-UR U 
( 1 0 )  
Now,  one may cons ider  power  ser ies  expans ions  o f  T ,  R and U in  te rms 
o f  the  s lab  th ickness  t .  
and 
T ( t )  =  I  -  at  +  .  .  .  
R( t )  =  P t  +  .  .  .  
U(t) = 1 - r  at + . „ . 
( n )  
( 1 2 )  
(13)  
In  these  equat ions ,  a  and p  are  mat r i x  opera to rs  and 1 represents  the  un i t '  
opera to r .  The cons tan t  te rm in  the  expans ion  o f  T  i s  un i ty  because fo r  a  
van ish ing ly  th in  s lab ,  the  f lux  i s  unaf fec ted .  L ikewise ,  the  cons tan t  te rm 
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i n  the  expans ion  fo r  R i s  zero  s ince  fo r  a  van ish ing ly  th in  s lab  there  i s  
no  re f lec t ion .  The l i near  te rm fo r  T  i s  chosen to  be  negat ive  by  ana logy  
w i th  the  case o f  the  unscat te red  f lux  a long the  s lab  normal ,  fp r  wh ich  
T  =  e-a t  .  
The opera to r  P  invo lves  the  d i f fe ren t ia l  c ross  sec t ion ,  s ince  fo r  a  very  
th in  s lab j  on ly  f i r s t  order  sca t te r ing  cont r ibu tes  to  the  re f lec ted  f lux .  
The opera to r  CL i nvo lves  the  to ta l  c ross  sec t ion  in  add i t ion  to  the  d i f fe r ­
en t ia ]  c ross  sec t ion ,  s ince  i t  must  inc lude  the  par t  o f  the  a t tenuat ion  o f  
the  rad ia t ion  l inear  in  the  th ickness  t .  The a t tenuat ion  par t  o f  Qi  i s  
d iagona l  in  the  ang le  and energy  var iab les  s ince  i t  re fe rs  on ly  to  a  reduc­
t ion  in  in tens i ty  o f  each component  o f  the  inc ident  beam separa te ly .  
One may now cons ider  the  case o f  two homogeneous  s labs  o f  the  same 
mater ia l  wh ich  a re  ad jacent  to  each o ther .  The H opera to r  fo r  th is  sys tem 
i  s  
H f tg  +  t ^ )  =  H( t2 )H( t^ )  (14)  
where  t ^  and t ^  are  s lab  th icknesses .  From equat ion  14  i t  i s  obv ious  tha t  
the  fo rm o f  H i s  
H( t )  =  exp( -Wt )  ,  (15)  
where  W i s  a  cons tan t  mat r i x .  I t  shou ld  be  no ted  tha t  equat ion  15 imp l ies  
tha t  fo r  any  mat r i x  A 
AH( t )A  '  =  exp( -AWA ' t )  ( l6 )  
tha t  iS j  the  same t rans fo rmat ion  tha t  d iagona l  i zes  W w i l l  a lso  d iagona l i ze  
the  mat r  i  x  H.  
Equat ion  15 may be  rewr i t ten  as  
3  
H( t )  =  exp( -Wt )  =  I -  Wt  +  y r  (Wt)  (17)  
and to  f i r s t  order  in  t  
H ( t )  21 '  ~  Wt  
A lso j  to  f i r s t  order  in  t .  
and 
RU ~  P t  ( I - t a t )  =  p t  
-  UR =  -  (Ha! t )P t  Ci  -p t  
T -  RUR =  ( l -at ) -pt( ]+3t)pt  a:  1  -  a t  
Thus to  f i r s t  order  in  t j  H( t )  becomes 
H( t )  =  
I  -  a t  
I  -p t  
P t  
- r  a t  
-a p 
-P  a 
Compar ing  equat ions  18  and 22 j  one can see  tha t  
r  1  
a 
W =  !  








(23 )  
Diagona l i za t ion  o f  W 
The t rans fe r  matrix H can be  computed  by  diagona]iz Ing W. The diagon-
a l i za t ion  o f  W can  in  tu rn  be  reduced to  the  d iagona l i za t ion  o f  mat r i ces  o f  
lower  o rder .  
In  the  fo l low ing  d iscuss ion ,  i t  w i l l  be  assumed tha t  a l l  the  e igen­
va lues  o f  the  mat r i x  W a re  rea l  and d is t inc t .  i f  P i s  the  mat r i x  
9  
1 
P =  )  (24 )  
then  
L 
W =  P WP =  
" 'J  '  
r 1 (  0  a l  
(25 )  
wher  
a  =  a;  +  p  
6 =  o:  -  p  
(26) 
(27 )  
- 1  I t  shou ld  be  no ted  tha t  P =  .  
I f  §  i s  an  e igenvec tor  o f  the  mat r i x  A, where  A =  aà, which  cor res­
ponds  to  the  e igenva lue  y ,  then ,  se t t ing  A.  equa l  to  a  square  roo t  o f  y ,  the  
vec to r  
Z  =  
" s i  
0§A 
(28) 
can be  shown to  be  an  e igenvec tor  o f  the  mat r i x  W» Then,  i f  X i s  the  
mat r i x  o f  co lumn e igenvec tors  o f  A. Y the  mat r i x  o f  row e igenvec tors  o f  A ,  
su i tab ly  normal ized  so  tha t  YX =  i j  the  W mat r i x  i s  d iagona l i zed  by  the  
t rans fo rmat ion  
1  
4 
p- 1  








1 0  
A =  
ML 
and \  =  jY j ;  7 j  i s  an  e igenva lue  o f  A.  
= X +  ÔX^ 
B -  X -  ôXA.  
U  — I  
4-
c = 
A Yct  
Y  -  A"  Va  
Here  ML i s  the  order  o f  the  Ci and p  mat r i ces .  I f  one se ts  
i  C ,  
and C =  i  
L 
then  every  co lumn o f  B has  the  fo rm 
i 
' l '  
-  k 
I  • 
I  I  5  +  65 /X |  
i  i  
65 / \  i  
_J  L_  _ J  
I  S -  65 /k j  
s ince  PZ i s  an  e igenvec tor  o f  W and -^C =  ( -^B)  
Re la t ion  to  the  Transpor t  Equat ion  
The one-d imens iona l  t ranspor t  equat ion  i s  
c5(x ,a ! .  V)  
. ' ( 1  ^  ^  f  
3x  
(V)  V)  
1  V  2^  
+ ^  dw '  J  dV '  J  -d§ '  c (n ,n ' ;V ,V ' ) ê (x ,u . ' ,V '  
-1  o  o  
fo r  -1  <  oi  <  I  
1 1  
where  
y  = wave length  o r  le thargy  be fore  co l l i s ion ;  
V =  wave length  o r  le thargy  a f te r  co l l i s ion ;  
X =  depth  in  the  med ium;  
5 (x jU0 jV)  =  d i f fe ren t ia l  f lux  per  un i t  V- in te rva l ,  a t  depth  x_,  i n  any  
d i rec t ion  mak ing  the  ang le  a rccos  ou w i th  the  forward normal; 
= to ta l  macroscop ic  c ross  sec t ion  a t  V;  
a (O jQ ' ;V jV ' )  =  macroscop ic  d i f fe ren t ia l  c ross  sec t ion ,  as  a  func t ion  
o f  the  d i rec t ion  0  and Q '  o f  the  emergent  and inc ident  
rays  respec t ive ly ,  and o f  V and V .  
f i  represents  a  d i rec t ion  and i s  spec i f ied  by  the  pa i r  o f  ang les  (0 ,  § ) ,  
where  §  i s  the  po la r  ang le ,  9  =  arccos  o) ,  and  u)  i s  the  az imutha l  ang le  o f  
the  coord ina te  sys tem.  
The in tegra t ion  over  cg '  i n  equat ion  37  can  be  b roken up  in to  two 
ranges ;  -1  <  u;  <  0  and 0  <  u j '  <  1 .  For  conven ience,  the  fo l low ing  no ta t ion  
i s  in t roduced;  
2 (x ,w ' ,V ' )  ^  {9 (x ,w ' ,V ' ) ;  0 :<  w '  1 ]  
p(x ,a } ' jV ' )  ->  [ ô (x ,w ' ,V ' ) ;  -  1 <  w '  <  0 ]  
=  0  <  w '  <  1 ]  
2nd 
V ,  2 j t  
=  i  dV '  TJ I  ds '  c (n,n' ;V ,V ' )  hAWjW ;  -  I  9^  
"  o  o  
S ince  a  ac tua l l y  depends  on ly  on  the  ang le  a rccos  7  between the  
d i r ec t i ons  Q and  f i ' ,  where  7=  cos  a :  cos  u j '  4 -  s in  u j  s in  o) '  cos  (^  -  Ç '  )  j  '  
fo l lows tha t  K(-w,w' )  =  K(w,w' ) '  I f  one uses  these  convent ions ,  equat ion  
1 2  
37 can be  separa ted  in to  two equat ions .  For  the  fo rward  hemisphere^  one 
has  
3  X 0 )  — = - p j 3 ( x _ , m )  + J  d w ' K ( m ; w ' ) 0 ( x j w ' )  
(38)  
+  J '  d t ju 'K(a) j -u ) ' )0  (x jU) ' )  ;  0  <  uj  <  
0 
and fo r  the  backward  hemisphere^  one has  
ih(x 
â X ^  +  J  dw 'K( -w,m' )0 (X jw ' )  
(39)  
+  J  dm'K( -Wj -w ' )é (x jw ' )  
o  
J  
= - jJ j / jCx jU) )  +  J  dw 'K(mjW' )^ (x ,w ' )  
o  
1 
- i -  J  dw 'K(w, -w '  )0 (x ,w ' ) ;  0  <  u)  <  1 
o  
The opera to rs  a  and p  were  de f 'ned  in  te rms o f  the  p roper t ies  o f  an  
in f in i te ly  th in  s lab ,  and the  th in  layer  o f  mater ia l  be tween two para l le l  
p lanes  whose coord ina tes  a re  x  and x  +  dx  i s  a  s lab  o f  th ickness  dx .  The 
fo rward  mov ing  rad ia t ion  0 (x  +  dx)  coming  ou t  o f  the  face  a t  x  +  dx  i s  the  
sum o f  a  t ransmiss ion  and a  re f lec t ion  te rm:  
0 (x  +  dx)  =  (1  -  adx)0(x )  +  pdx  ^ (x  +  dx)  (40)  
and cak ing  the  l im i t  as  dx  approaches  zero  one has  
=  -0 :0  (x )  +  Pé(x )  .  (41)  
Compar ing  equat ions  38  and k\,  one ob ta ins  equat ions  de f in ing  Ci and p  
as  in tegra l  opera to rs  on  func t ions  o f  ang le  0  =  arccos  u j  and  wave length  (o r  
le thargy)  V ;  
1 
uJ30(X jU) )  =  j j .0  -  r  dw 'K(w,w ' )0 (X jW' )  (42)  J 
o 
and 
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1  
u>f i0 (x ju j )  =  J"  dw 'K(w jW' )^ (x ,m ' )  .  (^3)  
o  
The opera to r  fo rma l ism in  equat ion  15 invo lv ing  H and W may be  v iewed as  a  
way o f  express ing  the  in tegra t ion  o f  the  l inear  Bo l tzmann equat ion .  
Express ions  fo r  CH and P in  Terms o f  Co l l i s ion  Cross  Sec t ions  
One may cons ider  d is t r ibu t ions  0  wh ich  a re  symmet r ica l  about  the  s lab  
normal  a t  each po in t  and a re  g iven  by  the  same func t ion  o f  ang le  a t  each 
po in t .  
S ince  one i s  concerned w i th  ex t remely  th in  s labs ,  the  ca lcu la t ion  o f  CX 
and p  w i l l  invo lve  on ly  unscat te red  and s ing ly  sca t te red  rad ia t ion  to  f i r s t  
order  in  the  th ickness  t .  For  x  <  t  one has  fo r  the  s ing ly  sca t te red  
rad i  a t  ion  
0 ] ( X ;E ,w)  =  ^  j ' dO ' J ' d E ' d x '  0 ^ ( E '  j U j ' ) e x p [ -  ] '  
a (44) 
. a (n,n' ;E ,E ' )exp [ -  ^^E) jx -x ' )^  
where  
X =  d is tance f rom inc idence face  o f  the  s lab  
x '  =  d is tance f rom inc idence face  a t  a  co l l i s ion  po in t  
o;  =  cos ine  o f  the  ang le  w i th  the  s lab  normal  
a ; '  =  cos ine  fo r  inc ident  rad ia t ion  
0 . (x ,E ,w)  =  s ing ly  sca t te red  f lux  dens i ty  a t  d is tance x  per  un i t  
energy  range a t  E per  un i t  so l id  ang le  a t  m 
^o^^  jUJ )  -  inc ident  f lux  dens i ty  a t  (E ' ju j ' )  per  un i t  energy  range 
and un i t  so l id  ang le  
pXc)  =  to ta l  macroscop ic  l i near  c ross  sec t ion  a t  E 
0  =  d i rec t ion  a f te r  sca t te r ing :  0 '  =  d i rec t ion  be fore  sca t te r ing  
c (n,n ' ;E ,E ' )  = d i f fe ren t ia l  scat ter ing cross  sec t ion  f rom (E '^ f i ' )  to  
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(E jO) ,  per  un i t  so l id  ang le  a t  Q 
a = 0, w > 0 
a =  t j  to  <  0  
Equat ion  44  i s  de termined f rom the  p robab i l i t y  tha t  a  par t i c le  emi t ted  a t  
the  source  vv i11  reach  a  po in t  x  a f te r  one and on ly  one co l l i s ion .  Th is  
p robab i l i t y  may be  expressed as  the  produc t  o f  four  p robab i l i t i es  (7 ) .  The 
d iagram in  F igure  2  serves  to  c la r i f y  the  der iva t ion  o f  these  four  p roba­
b i l i t i es .  
i=arccos  
=arccos  w 
F igure  2 .  Once-sca t te red  f lux  a t  x  
The f i r s t  p robab i l i t y ,  exp( -p , (E ' )  x ' / w ' ) ,  i s  tha t  the  par t i c le  w i l l  t rave l  
a  d is tance  x ' / cu '  be fo re  in te rac t ing  w i th  the  sca t te r ing  med ium.  The p roba­
b i l i t y  tha t  an  in te rac t ion  takes  p lace  in  an  in te rva l  o f  sca t te red  pa th  
leng th  i s  ^ (E ' )dx ' /u j .  Fur thermore ,  the  p robab i l i t y  tha t  such  an  in te rac t ion  
resu l ts  in  the  par t i c le  be ing  sca t te red  in to  the  d i rec t ion  Q w i th  energy  £  i s  
o" ( rz jQ ' ;  E jE  '  ) / ^ (E  '  )  •  F ina l l y  the  p robab i l i t y  tha t  the  sca t te red  par t i c le  
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reaches  a  d is tance  x  f rom the  source  i s  exp  ( - | j l (E)  ( x -x ' ) /w)  .  Thus the  
p robab i l i t y  tha t  a  par t i c le  hav ing  energy  E '  and t rave l ing  in  d i rec t ion  Q'  
w i l l  reach  po in t  x  w i th  energy  E and d i rec t ion  0  a f te r  one and on ly  one 
co l l i s ion  i s  
d0 j (x ,E jw)  =  0g(E ' ,w ' )  exp  ( -p . (E  '  )  x ' / tu ' )  exp  ( -p . (E)  (x -x ' ) /a ) )  •  
(45) 
.a(0,n ' ;E,E' ) /^XE') .^(E' )  dx' /w .  
i n tegra t ion  o f  equat ion  4$  over  a l l  incoming  energ ies  and d i rec t ions  and 
over  the  th ickness  x '  resu l ts  in  equat ion  44 .  
The unco i l  ided  f lux  a t  x '  hav ing  energy  E and ang le  =  arccos  od w i th  
the  normal  i s  s imp ly  
=  0^(E jCd)  exp  ( -  ^  )  •  (46)  
I f  one cons iders  on ly  f i r s t  order  te rms in  t_ ,  the  to ta l  t ransmi t ted  
f lux  a t  t  i s  the  sum o f  the  unco i l ided  f lux  a t  t  and the  f i r s t  sca t te red  
f lux  a t  t .  Thus  
0 ( t ,E ,w)  =  exp  ( -p . (E)  t /u j )  0^ (E ja j )  
1  27 t  
l i ûû  T JdE '  Jdn' a(OjO ' ;E jE ' )  exp  ( -p . (E)  - )  0^(E ' jao ' ) -
t (47) 
' J  exp  X ' ]  dx '  .  
i t  shou ld  be  no ted  tha t  the  sca t te r ing  in tegra l  i s  an  average over  §  the  
po la r  ang le  a f te r  sca t te r ing .  However ,  s ince  ;E jE ' )  depends  on ly  
upon the  sca t te r ing  ang le ,  the  in tegra l  over  dQ'  i s  a l ready  independent  o f  
g .  To show th iS j  the  (E jE ' )  dependence o f  a (OjO ' ;E ,E ' )  i s  suppressed and 
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i t  i s  no ted  tha t  
a (n jQ ' )  =  a(cos  0 )  (48)  
where  cos  0  i s  the  cos ine  o f  the  sca t te r ing  ang le .  Thus  
=  aCiou) '  +  J 1-u)^  \ / l -œ'  ^  cos(§-ç ' ' ' ) ]  
(49) 
= o<§-5" )  
Le t t ing  ç '  become the  change in  po la r  ang les  one ob ta ins  
,  2 jT  ,  2 j t  2 ÎT  -1  
f  d§  JdO '  a (n ,0 ' )9o (E ' ,w ' )  =  2^ -1  dS  f  [ - J  dw?  a (§ ' )0Q(E ' ,w ' ) ]dS '  
0 0  o  1 
, 2% 2% 1 
= ^  J d§ J  -dS '  J  dw'  a (5 ' )pQ(E ' ,w ' )  
"  -1  (50)  
=  JdQ'  a (§ ' )0^ (E ' , to ' )  
The var iab le  § '  i s  now de f ined  as  the  change in  po la r  ang le  a f te r  
sca t te r  ing .  
Subs t i tu t ing  equat ion  50  in to  equat ion  47and approx imat ing  to  f i r s t  
order  in  t_ ,  one  ob ta ins  
1 2n 
0 ( t ,E ,w)  ~  0^(E,u) ) -  -  [^(E)0^(E; ,c j j ) -JdE '  J  du) '  J  dÇ 'a(QjQ ' ;  E^E '  )  0q(E '  jU j ' ) }  
o  o  
Z  0c(E,w) -  fdE\ [dw ' [M(E ' )6 (E-E ' )6 (w-w ' )  (50  
27t 
- r  dg '  a (O jn ' ;E ,E ' ) }  0  (E ' ,w ' )  
< j  o  
o  
By  the  de f in i t ion  o f  the  t ransmiss ion  mat r i x  T  and equat ion  11 ;  one 
ob ta  i  ns  
0  =  T0  =  (1  -  a t )0  =0  -  a t0  (52)  
0  o  o  o  
and compar ing  equat ion  52  w i th  equat ion  51  one can de termine  CK as  the  
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i n tegra l  opera to r .  
0# =  -  T d E ' T d w '  [pXE' ) 5 ( E -E' ) 6 ( w - w ' )  
o U) <J «J  
2. (53) 
-J d|' o(n,n';E,E')) 0g(E',w') .  
o 
The kerne l  cor respond ing  too ;  i s  
1 Z i t  
K^ (E^u j ;  E  '  j tu ' )=  — { iJ , (E)ô  (£ -E . ' )  6  (uJ -uo ' ) -J  dÇ 'aCf i jQ ' ;  E^E '  )  }  ;  0  <  œ <  1 .  (5k)  
o  
S imi la r l y ;  the  re f lec ted  f lux  i s  
# (0 ,E ,w)  =  JdE ' /dn '0^ (E ' ,a ) ' )a (n ,n ' ;E ,E ' )J  exp [ - (^^^^  -  ^ ) x ' ]dx '  
1  2a  (55 )  
- - r ^JdE 'J  dcu 'J  d5 'a (n ,n ' ;E ,E ' )0Q(E ' ,w ' )  
'  '  o  o  
so  tha t  the  re la t ion  
i i  =  R0 =  tp0  (56)  
0  
indica tes  tha t  the  P opera to r  i s  
,  1 2 j t  
PPQ = T^T fdE'f dw\[ dS'a(n,n';E,E')0Q(E',w'); -1 < w < 0 . (57) 
'  '  00  
The kerne l  cor respond ing  to  P i s  
1  
K^(E jw;E ' jW' )  =  a (Q jn ' ;E jE ' )d5 ' ;  - I  <  m <  0  ,  (58)  
In  the  one-ve loc i ty  p rob lem w i th  i so t rop ic  sca t te r ing ,  equat ions  $4  
and 58  become respec t ive ly  
1 c r  
Kq , (uJ jU; ' )  =  -  { i i .6 (a ) -œ' )  -  • ^ ]  (59)  
" lir 2^ 
where  o  i s  the  to ta l  macroscop ic  sca t te r ing  c ross  sec t ion .  
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I t  w i l l  be  conven ien t  to  employ  as  an  energy  var iab le  no t  the  energy  
i t se l f ,  bu t  another  var iab le ,  monoton ie  in  energy .  Th is  var iab le  w i l l  be  
represented  by  M.  Then a l l  the  p rev ious  equat ions  w i l l  ho ld  by  rep lac ing  
E by  V and  E '  by  V ' .  
For  gamma ray  work ,  i t  i s  convent iona l  to  se lec t  fo r  V the  gamma ray  
wave length  in  Compton un i ts ,  so  tha t  V =  l /E ,  when E i s  expressed in  un i ts  
o f  the  res t  energy  o f  the  e lec t ron .  For  neu t rons ,  the  cus tomary  cho ice  fo r  
V i s  the  neut ron  le thargy ,  de f ined  as  V =  ln (E^ /E) j  where  E^  i s  some re fe r ­
ence energy ,  usua l l y  the  la rges t  energy  o f  in te res t .  
For  e las t i c  co l l i s ions ,  to  wh ich  th is  inves t iga t ion  i s  res t r i c ted ,  
there  i s  a  re la t ionsh ip  o f  the  fo rm cos  0  =  ^ (V-V ' ) ,  where  7  is  a  func t ion  
o f  the  d i f fe rence (V-V)  in  V be fo re  and a f te r  the  co l l i s ion ,  and é  i s  the  
ang le  o f  sca t te r ing  in  the  labora to ry  sys tem.  
For  gamma rays ,  y  takes  the  fo rm 
Y (V-V ' )  = 1 -  (V-V)  • (61)  
and fo r  neut rons  
y{\l-\I') = cosh( -2^  )  -  A s inh  )  (62)  
where  A i s  the  nuc lear  mass  o f  the  sca t te r ing  nuc leus .  
For  fu r ther  s imp l ic i t y ,  a  func t ion  o (V-V ' )  i s  in t roduced by  the  
re la t ion  
^dna(n ,n ' ;V ,V ' )  =  a (V,V ' )  .  (63)  
Now,  i f  COS i i  =  then 
= a(.y,v) srcos  a  -^y(v-v ' ) 1  ( 6 4 ,  
where  a (V ,V ' )  i s  the  K le in -N ish ina  fo rmu la  (8 ) .  
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c (V,V ' )  =  Y  ( •^ )  ^  + (V ' -V)^ ]  
and i s  the  c lass ica l  e lec t ron  rad ius .  Rewr i t ing  equat ion  51  w i th  E and 
E '  rep laced by  \ l  and  V ' j  one ob ta ins  
1 . J 
a0^(V ' ,w ' )  =  —JdV ' J  dw'  [pXV ' )6 (V-V ' )6 (m-w ' )  
Zn 
23t (65) 
J  D§ ' aCVjV ' )Ô[cos 0-Y( \ / - \ / ' )  J}  
The § '  in tegra t ion  can be  car r ied  ou t  exp l i c i t l y .  | f  one cons iders  the  
fo l low ing  sca t te r ing  d iagram.  
F igure  3«.  The sca t te r ing  geomet ry  
then  
cos  0  =  -60S-8  cos  0 '  +  s in  0  s in  0 '  cos  § '  (66) 
where  9  =  a rccos  tU j  and  5 '  i  s  the  change in  po la r  ang les  a f te r  sca t te r ing .  
For  f i xed  B and 0 '  
d (cos  0 )=  -s in  8  s in  0 '  s in  d^ '  (67 )  
2 0  
However ,  equat ion  66  a lso  y ie lds  
(s in  G s in  0 '  s in  =  s in^G s in^G'  -  s in^Q s in^G'  cos^§ '  
2 2 2 
=  s i n  8  s in  G'  -  (cos  ^  -  cos  8  cos  8 ' ) ^  
=  - (cos  é - cos 3 cos 0 '  - r  s in  9  s in  8 ' )  (cos  i l )  -  cos  8  cos  0 ' -
s i n  8  s i n  8 ' )  
=  [cos  (8 -8 ' )  -  cos  i ^ ] [ cos  i f )  -  cos  (8+8 ' ) ]  
and so .  by  equat ion  Sj 
27C 
J  d§ 'o [cos  ^ -7 ( \ / -V ' ) ]  
o  
(69) 
cos  (8 -8 ' )  ,<2  
=  2 j  d (cos  , / j )  { [ cos  (8 -8 ' ) -cos  ^ ] [cos  0-cos  (8+8 '  ) ] ]  
cos(8+9 ' )  
6 [cos  0 -7(V- \ / ' ) J  
=  2Re  ^  
where  S i s  g iven  by  
=  [cos  (8 -8 '  ) -7 ( \ / - \ / '  )  ] [ ^ (V-V '  ) -cos  (8+9 '  ) ]  » (70)  
The fac to r  2  appears  in  equat ion  70  because o f  the  symmet ry  o f  the  le f t -
hand s ide  about  Equat ion  65  may now be  wr i t ten  as  
1 ^ 1 
ag (V ' ,w ' )  = - ;JdV ' rdw ' {^XV ' )6 (V-V ' )6 (w-w ' ) -a (V,V ' )Re;T ;  0 :<  w< 1 (71)  
wnere  
S ^ =  ( s i n  6  s i n  8 ' ) ^  -  ( y  -  c o s  8  c o s  9 ' ) ^  
= ( ! -w^) (1 -w '2 )  -  +  ZVww'  -  (72)  
1 2  ,2  2  _ ,2  
-  1 - J j  -  Lu -  7  +  27^  
2 1  
In  a  s im i la r  manner ,  equat ion  57  may be  s imp l i f ied  to  the  fo l low ing  
express  ion  
1 . 1  1  
P0Q(V '  ju j '  )  =  j  dV J  dua 'o -CVjV '  )  Re — ju j '  )  :  -  1 <  œ <  0  (73)  
where  o)  i s  measured  f rom the  fo rward  normal .  
Mat r i x  Representa t ion  
The dis t r ibu t ions  0 and CX0 are  to  be  expanded a t  each wave length  o f  
in te res t  as  l i near  combina t ions  o f  bas is  func t ions  F^(u) )  jF j  (u j )  j  .  .  .  ,  
which  fo rm a  comple te ,  bu t  no t  necessar i l y  o r thogona l ,  se t  on  the  in te rva l  
0  <  uj  <  1 .  
Then 0  can be  wr i t ten  in  the  fo rm 
0(w)  =  Z  -  (74)  
n  
i f  one de f ines  ih  =  Cdjg ,  t hen  the  mat r i x  e lement  Q!  i s  the  in tegra l  
• m  mn 
opera to r  in  V wh ich  t rans fo rms 0  in to  i ! )  .  Thus 
n  '  m 
n  
S im i  1ar1y ,  
^ (w)  =  Z  
m 
In  order  to  we igh t  the  e r ro rs  in  a  f in i te  angu la r  representa t ion ,  the  
we igh t ing  func t ion  g(w)  i s  in t roduced.  I f  equat ion  71  i s  now mu l t ip l ied  
by  g( tu )F ,  (u j )u j  and  in tegra ted  over  u j  f rom 0  to  1 ;  one  ob ta ins  
2 2  
j  wg(w) r . (w) (30  dw -  j  mg (œ)  F j^ (ua)0  (u j )  duo 
o  • o  
1 
= 2 J wg(w)F^(w)F^(w)^^(w)dw (77) 
m o  
= Z  i '  g(w)wF, (w )Fn(w )Omn2n(V)dw I '  Km inn n  
m o  
ana tnus  
I  1 V  1  
r  wg(w )F , ( w ) a0  (w )  = I '  du:  ! '  dV  • '  dw' {g (w)F ,  (w )^XV ' )6 (V -V ' )6 (m-w ' )  
o KO u «J u  K  
0 0 0 
(78) 
-  g (w)F^ (w)c (V ,V ' )Re  9n (V ' )F^ (V ' )  
Because o f  the  o - func t ion  fac to r ,  the  in tegra l  over  the_ f i rs t  te rm on the  
r igh t  i s  




^kn  ^  j '  9 (w)F^(w)F^(w)dw .  (80)  
o  '  
The in tegra l  over  the  second te rm on the  r igh t  can be  conven ien t ly  
expressed in  te rms o f  the  func t ions  
"«.W " 11 *• ***>' • (*') 
Exo l ic i t  fo rmu las  fo r  the  d  te rms a re  g iven  in  ViADC techn ica l  Reoor t  
mn 
59-772;  and w i l l  be  employed fo r  a l l  fu r ther  ca lcu la t ions  (2 ) .  i t  shou ld  
be  no ted  tha t  because o f  the  symmet ry  o f  S i n  u j  and  m ' ,  d  =  d  
rnn  nm 
I f  one assumes tha t  there  a re  power  ser ies  expans ions  fo r  the  bas is  
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func t ions  F . (w)  and fo r  g(w) :  
Fj^(aj) = 2 ; m= 0,1,2, . . . (82) 
n  
g iw)  =  Z  g .w '  ;  i  =  0 ,1 ,2 ,  . .  .  (83)  
i  
and one se ts  
1 
e ,  =  r  g(u j ) tuF , , (ud)F  ( ( j j )dœ ,  (84)  Km ^  Km 
o 
then equat ion  78  may be  wr i t ten  in  the  fo rm 
m 
-^dV 'c (V ,V ' )E  g .  Z  q^s  Z  qnr^s t i j r  [ 7 (V -V ' )J0n (V ' )  -  195 )  
o i  s  r  
The cor respond ing  opera to r  fo r  i s  fo rmed f rom th is  by  suppress ing  
the  func t ion  0^  on  the  r igh t  o f  each te rm.  
Th is  opera to r  equat ion  may be  wr i t ten  in  mat r i x  no ta t ion  by  de f in ing  
E =  mat r i x  o f  the  e  
ran 
Z  =  mat r i x  o f  the  z  
mn 
0  =  mat r i x  of  the  q  
^  'mn 
D =  mat r i x  o f  the  d  
mn 
G =  mat r i x  whose ( i , j ) - th  e lement  i s  g j_ .  i  f  j  <  i ,  and zero  i f  j  >  i ;  
and by  reca l l ing  tha t  a  can be  in te rpre ted  as  the  mat r i x  o f  the  i f  
these convent ions  are  employed,  then  
Ea0(v )  =  ^XV)Z0 (V )  -  j '  a (V ,V ' )QGD[Y(V -V ' ) jQT0 (V ' )dV '  .  (86 )  
o 
in  th is  express ion  E ,  Z ,  Q. ,  and  G a re  in f in i te  mat r i ces  o f  cons tan ts .  The 
e lements  o f  D a re  func t ions  o f  7 (V- \ / ' ) ,  thus  equat ion  86  may be  rewr i t ten  
24 
as 
v t  
E&'0(V)  =  ^XV)Z0(V)  -  QG j  c(V,V ' )D[Y(V-V ' ) ]9 (V ' )dV'& '  .  (8?)  
o 
The matrix representation for the reflection operator p wi11 employ 
the same basis functions F (w), ^ as for d, but u) is now 
measured from the backward normal. Thus 
v v.  t  
Ep0(V) = QG J" o(V,V')0 L7(V-V')]0(V')dV'(l . (88) 
o 
""  ^ "" 
Here the elements d of D are given by 
mn ' 
0 1 , 
d (y )  =  ( - 1 ) ^  r  du I  dm' tu'" Re ~ (89) 
mn J , «J TCi 
-1 o 
where S has been defined earlier. The (-1)^ factor appears because the tu 
of the integration is the cosine of the angle measured from the forward 
normal. By virtue of the symmetric form of Ssubstitution of -o) for cu and 
"Y for y in equation 89 yields 
= d^^(Y) ;  -1 1 (90) 
"" 
and thus D may be found from D. 
For simplicity, the distribution function within an energy group is 
taken as independent of angle, and so can be written as f (V). Also, in 
'u  
any calculation it is necessary  to cut-off the infinite expansion in angle 
and to discretize the continuous variable V. One possible discretized form 
of equation 87 is 
i '  •Ar)f^{r)érz 
I-1 h 
-  QG f  dU'  J '  dV f  (V ' ) ( j (V ,V i )D[Y{U,V ' ) la  •  (SO 
\ . - l  v l  
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Similarlyj for the reflection operator, 
EP, , ,  =  QG r dV'  r dV f . (V ' )a (V,V ' )D [ - Y (V-V ' ) ]G .  (92)  
v i  "  
An appropriate form of f^(V') is 
f , ( V ' )  =  —  2  •  ( 9 3 )  
(V , -V ,  , )V '  
-V- I 
- 1  
Multiplying equations 91 and 92 by E yields the expressions for the 
and p , blocks. 
Determination of Ej Z, Q.^ G and D 
The basis functions to be employed are the half-range Legendre poly­
nomials. These polynomials satisfy the following relationships; 
f ! (oj) = f . (2 uj-1 ) ; 0 < cu < 1 
(94)  
= 0 ; u) < 0 
F. (uu) = f. (2a>-5-l ) ; - 1 < u) < 0 
(95)  
= 0 ; u) > 0 
where F.(2'jj ± l) is the Legendre polynomial of order i . The orthogonality 
relations satisfied by the half-range Legendre polynomials are 
1 o _ 6. . 
j' dw F! (u j )  F: (w)  =  J" du)  F . (w)  F . (w)  =  yy iY " (9&)  
o -* -1 
Since this investigation is concerned only with the range of o) from 0 to Ij 
equation 95 may be ignored.  From equation 94_,  therefore, one obtains the 
coefficients of the power series expansions for F! (w) .  
The power series expansions of the first three Legendre polynomials 
(9) are as follows: 
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fgcu)  =1 ;  f j (u) )  =  uj  ;  f2(u j )  =  -  l )  •  
ThuSj from equation ''14the power series expansions for the first three 
half-range Legendre polynomials basis functions are 
fg fw)  = fg fzw- l )  =  1 
Fj (tju) = F ^ (2uj-l) = 2w-l 
F^Cu;) = FgXZw-l) = - 6a) + 1 
For this investigation, g(w) = 1 ; thus the Z matrix is readily 
obtained from the orthogonality relationship indicated in equation 96. 
i1 .0000 0 0 i  
i  I 
Z = I 0  0.3333 0 !  (97) 
i  I  
i  0 0 0.20001 
The elements of the Q. matrix may be obtained from equation 82 and the 
coefficients of the half-range Legendre polynomials. Thus 
r 1 0 0 i 
;  i  
G =  j-1 2 0 1 (98) 
I  ] -6  6! 
Since g(w) is set equal to 1 the G matrix is simply the identity 
matrix 1. 
The ijj-th element of the matrix E is defined in equation 84. Substi­
tution of the basis functions into this equation and integrating over the 
variable coj one obtains 
[b.50000 0.16667 0 "1 
E  =  j o . 16667 0.16667 0.26667 I (99) 
! 0 0.26667 0.10000 
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The elements of the D matrix are functions of y{\l-\l^) and formulas for 
the individual elements are supplied by WADC Technical Report 59-772. 
Since this investigation is concerned with a third order polynomial approx­
imation of the angular variable, the D matrix takes the following form: 
c o o  
d = 
i  3 ' '  3  
f . f  
i [ ^ ] '  
0 
( l+2v  )C .  
15 • J" 
( too)  
where 
C = 1 - 1/jT arccos y ; 
r  = 
0 <  C <  
y = ]  -  (v-v ' )  
it should be noted that the matrix D is of the same form as D except that 
7 is replaced by -y in D . 
integration Scheme 
Gauss' formula for arbitrary intervals is employed for numerical inte­
gration of equations 86 and 87 (9)» A five-point mesh is employed for both 
integrals. Gauss' formula is 
J '  f (y )dy  = S w.  f(y.) + 
a  i=  1 
where  w .  the  we igh t ing  fac to r  i s  de f ined  as  
w. (x,)]^ 
(101)  
(1-x j )  
(102) 
3nd 
y.  =  ( -2=)  X.  (103) 
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The abaissas x. is the i-th zero of the Legendre polynomial. Tables of Xj 
and w. are found in the Handbook of Mathematical Functions, AMS 55 (9). 
For the double integral. Gauss' formula becomes 
c a i j 
D i agona 1 izat ion of A = oô = (0:4-^) (a-p) 
(104)  
The matrices representing a and p may be considered to be matrices in 
energy whose elements are matrices in angles, or blocks. Because of the 
scattering condition, all blocks above the main diagonal are zero. Thus Ci 
and p are block lower triangular matrices, and their elements may be 
denoted by four subscript symbols 
where -L is the energy row index, -t' is the energy column index, m is the 
angle row index and m' is the angle column index. For convenience, the 
following matrix notational conventions will be employed (10): 
A = column vector consisting of all elements A™; whose 
second indices are fixed values of m' and -L' 
= row vector consisting of all elements AA, whose first 
indices are fixed values of m and t 
A.;I = block consisting of elements whose energy indices are 
the fixed values I and 
A = m'-th column of the A , block 
</[/ %_/'{/ 
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A^,, - m-th row of the A , block. 
< •^0 %/c 
The diagona1ization of the matrix A is simplified by considering the 
following properties of this matrix. Since a and p are block lower trian­
gular matrices, it follows that A will also be of this form. Furthermore, 
the characteristic equation of A 
ia  -  7 i  1= 0  
is also block lower triangular. However, the determinant of a block tri­
angular matrix is the product of the determinants of the blocks along the 
main diagonal, so that 
I 
I A -  Y l |  =  n  (A , , -  7 i  1  .  (105)  
In other words, the set of eigenvalues of A is made up of the sets of 
eigenvalues of each block A , , , ,  -L= -i/' = 1,2, . . . L. 
• n ' 
if X •I is a column of X, it will be an eigenvector of A corresponding 
m ' 
to an eigenvalue 7., = 7!,. Reducing the matrix-column product 
A A 'n '  -  y"* '  -  (106)  I  ' ^ 7  1  f  :  I  
'J 
lO the block-component equations 
k= 1 
or 
a, ,  = (7?:  i  -  a , , )  x ; ; :  .  ( log)  I  1 "1/ 'ov k= 1 
Thus, if the eigenvectors and eigenvalues of A are known, the other 
•m' ' 
block components of X ,, are determined recursively by 
30 
= (y:: i-a,j 
k=V 
t  (109) 
By similar argumentsj tine components of Y (the matrix of row eigenvectors) 
are found to be 
y 
k=/, -i'- ! 
( 1 1 0 )  
Diagona1ization of Blocks on the Energy Diagonal 
Diagona1ization of the block matrices along the energy diagonal is 
performed by employing the power method(ll). The simple power method is 
modified to take into account the possibility of repeated roots, or roots 
whose magnitude are nearly equal. 
Final Computation of T and R 
Once the eigenvalues and the row and column eigenvectors of A are 
found, they may be adjusted to form a set of transforming matrices which 
will diagonal ize W_, where 
o: -p 
w = 
ï ù  -a 
In particular, the following relationship is obtained: 
i l  
C, C i ;  a  
+ -  11 
c.  I 
-9 i I s 
+ 
-q: 





( 1 1 1 )  
where A is defined in equation 30 and B.j. and are defined in equations 31 
through 34. Since, as was indicated above, the matrices which diagonalize 





c ,  
r t - r t~ ' r  r rh  ! b 1 -i" 
- t~ ' r  t  
l "  
,at  
L 
The above matrix equation may be solved for T and R„ Thus 
and 
where 
T = 4(6^ e^^ C, + B e C ) -At 
RT-1 = ^;(B_ C+ + e"*: c_) 
R = RT T 
le" ' '  







RESULTS AND DISCUSSION OF PRIMARY GAMMA TRANSPORT 
A computer program was written to compute the a and p matrices, 
diagonalize the A matrix and obtain the transmission and reflection matrix 
operators. The gamma ray source under investigation was a 2 Mev plane iso­
tropic source. To approximate a 2 Mev source, the upper energy group 
limits were 2.001 Mev to 1.999 Mev. Because of such a narrow group, it was 
assumed that the energy flux transmitted into that group was entirely 
unco 11i ded. 
.  -1  
I he input data to the program were the constant matrices Q., Z, E , 
and G, which were defined above; the number of energy groups, five; and 
gamma radiation attenuation data for each material of interest. The gamma 
attenuation data consisted of tables of total cross sections and the 
corresponding gamma energy for each value of the cross section (12). With 
the use of Lagrange's interpolation formula (13) a cross section was 
obtained for all energies which the scattered gamma ray might have. 
The initial selection of the individual energy group limits was—deter­
mined by examining the differential energy spectra found in Goldstein (3). 
From these spectra, an estimation was made for the "cut-off" energy of each 
material being investigated. The "cut-off" energy corresponds to the lower, 
energy limit of the lowest energy group in the analysis. Therefore, all 
transmitted gamma rays having energies less than the "cut-off" energy were 
ignored. in the case of dense materials such as lead and uranium, the 
"cut-off" energy is in the vicinity of 0.5 Mev. For less dense materials 
such as water, however, the "cut-off" energy is quite a bit lower; i .e . ,  
the differential energy spectrum for water reaches a maximum at a 
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relatively low energy. For water, this peak is located between 0.05 to 0.1 
Mev. However, if one wishes to calculate energy flux transmission through 
lead-water laminated slabs, the energy grouping in each material must be 
the same. To resolve this problem, a search was made to locate the highest 
possible "cut-off" energy for water and still retain a fair degree of 
accuracy. 
The initial grouping was selected to yield groups of approximately 
equal widths for the scattered groups, and a very narrow group for the 
source in order to approximate the 2 Mev monoenergetic problem. The 
grouping, from the highest group to the lowest was as follows: 
first group; 2.001 to 1.999 Mev 
second group: 1.999 to 1.5 Mev 
third group: 1.5 to 1.0 Mev 
fourth group: 1.0 to 0.5 Mev 
fifth group: 0.5 to 0.15 Mev. 
Since 0.15 Mev is well below the "cut-off" energies of lead and uranium, as 
indicated in the differential energy spectra, it was expected that the 
results obtained for these materials using this energy grouping arrangement 
would be fairly accurate. However, in the case of water, the accuracy of 
the results was questionable. in order to check the results obtained for 
this choice of energy groups, the energy buildup factor as a function of 
slab thickness was calculated for each material. 
The energy buildup factor is defined as 
g _ Total energy flux transmitted 
E Uncoilided energy flux transmitted 
As has been indicated above, the uncoilided flux transmitted is the energy 
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flux transmitted in tbe.upper energy group, from 2.001 Hev to 1.999 Mev.  
To obtain the total energy flux transmitted, the form of the transmission 
matrix T should be taken into account. As has been indicated above, the 
form of the transmission matrix is lower block triangular. The iZ' block 
corresponds to the transmitted energy flux in the -t-th group due to an 
incoming energy flux in the V-th group. The elements in the UJ block 
transform the incoming angular distribution. Thus, the transmitted energy 
flux vector 0, whose components specify the energy and angular distribu­
tions of the transmitted flux, is simply the matrix product of T and the 
source vector 0'. 
0% = 0'%',  .  (117) 
J m 
Because of the orthogonality property of the half-range Legendre polyno­
mials, and since the source is assumed to be isotropic, the total energy 
flux transmitted in the -t-th group is <3% and the total energy flux trans-
l  ] 
mitted through the slab is E 0,, where L is the number of energy groups 
in the analysis. Thus 
e » '  
s .  =  .  (118)  
Buildup factors were calculated for all three materials under consi­
deration and the results are plotted in Figure '4. For comparison purposes, 
the energy buildup factors for lead and water calculated by the moments 
method (3) are plotted on the same graph. Unfortunately, these energy 
buildup factors were calculated for slabs of infinite thickness. However, 
in Goldstein (3) correction factors for lead and water have been plotted; 
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Figure k. Energy buildup factor, of water, lead and uranium for a 
2 Mev plane isotropic source. 
: adjusted Moments Method calculations 
O : present calculations 
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these can be used to adjust infinite energy buildup factors to finite 
energy buildup factors. The results plotted in the graph are thus adjusted 
energy buildup factors calculated by the moments method. 
In order to determine whether a "cut-off" energy of 0.15 Mev was 
accurate enough for energy flux transmission calculations through a water 
slab, it was decided to reduce the lower limit of the lowest energy group 
to Go 10 MeVj and see if this reduction in "cut-off" energy resulted in a 
significant change in the energy buildup factors. When this was done, 
large errors were introduced in the transmission matrix. After some delib­
eration, it was discovered that the error was introduced because of the 
method of numerical integration. An energy group whose upper and lower 
energy limits are 0.5 Mev and 0.1 Mev respectively introduced too many zero 
grid points that were weighted as heavily as non-zero grid points in the 
numerical integration scheme. The reason for this is that a gamma ray 
whose energy is 0.5 Mev cannot suffer a 0.4 Mev reduction in energy after 
only one collision even if the scattering angle of the interaction is Zit. 
To resolve this difficulty, it was decided that the lower energy limits 
of each energy group should be selected according to the Compton law (14) 
with a scattering angle of That is, the upper limit of any group 
derermines the lower limit of that croup, as well as the upper limit of the 
next group, through the following relationship: 
where E is measured in Mev. For five energy groups, this resulted in the 
following grouping: 
first group: 2.001 to 1.999 Mev 
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second group; 1.399 to 0.407 Mev 
third group: 0.407 to 0,227 Mev 
fourth group: 0.227 to 0.157 Mev 
fifth group: 0,157 to 0.120 Mev. 
The energy buildup factors for water employing this grouping differed by 
only a few percent when compared to those calculated with a "cut-off" 
energy of 0.15 Mev. As a final check on the "cut-off" energy for water, an 
eight energy group analysis was made. As in the above case, the group 
limits were determined by the Compton law with a scattering angle of it. 
The resulting energy grouping was 
first group: 2.001 to 1.999 Mev 
second group: 1.999 to 0.407 Mev 
third group: 0.407 to 0.227 Mev 
fourth group: 0.227 to 0.157 Mev 
fifth group: 0.157 to 0.120 Mev 
sixth group: 0.120 to 0.097 Mev 
seventh group: 0.097 to 0,082 Mev 
eighth group: 0.082 to O.O7O Mev. 
The energy buildup factors obtained with this grouping compared very 
closely with the five energy group analysis. Thus, it was concluded that 
the five energy group case with a "cut-off" energy of 0.15 Mev was appro­
priate for this analysis and thereby rendering possible the investigation 
of lead-water and water-lead laminated slabs with only five energy groups. 
Differential energy spectra for lead and water for a variety of slab 
thicknesses were calculated, and the results are plotted in Figures 5 
through 12. The spectrum characteristics exhibited by these curves are 
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substantiated by the spectra from Goldstein (3). That iin the case of 
leadj the maximum of the spectrum shifts toward lower energies as the slab 
ch i ci - : . ' ,v:ss is Increased; whereas in the case of water ^ the minimum shifts 
toward higher energies as the slab thickness increases. The spectra for 
water in this investigation have been obtain..a from the five energy group­
ing with a "cut-off" energy of 0.12 Mev so as to emphasize the buildup of a 
peak in the spectra at low energies .  
included in the results are plots of the angular distributions of the 
transmitted energy flux for water, lead, and uranium. These distributions 
are indicated in figures 13 through 15. The major point to be noted here 
is :he forward peaking of the transmitted flux with increasing slab 
th ickness. 
Also included in the homogeneous slab transmission calculat ions are 
plots of the total energy flux transmitted as a function of slab thickness. 
These are Illustrated in figures lo through I8. Plotted on the same graphs 
are the contributions of the individual energy groups to the total energy 
flux transmitted. Thus, ascribed to each curve on the graph is the upper 
limit of the corresponding energy group. To obtain the energy transmitted 
v.'ithln a certain energy interval determined by the energy group limits^ one 
has only to find the difference between the curves corresponding to the 
energy limits of interest. it should be noted that all curves except the 
highest go to zero as the slab thickness goes to zero. This means that for 
a  v a n i s h l n g l y  t h i n  s l a b ,  t h e  s c a t t e r e d  g a m m a  r a y  e n e r g y  f l u x  g o e s  t o  z e r o .  
On the other hand, the  highest curve which corresponds to the total energy 
flux transmitted has a value of 2 Mev at a zero slab thickness. In other 
words, the total energy transmitted as the slab thickness goes to zero Is 
50 
0 . 4  0 . 6  0 . 7  0 . 8  0 . 9  i . O  0 . 2  0 . 3  0 .  1  û 
Figure 13- The angular distributions 0. of the transmitted energy flux due 
to a 2 iMev plane isotropic gamma source incident upon i mean 
free paths of water 
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Figure K. The angular distributions 0. of the transmitted energy flux due 
to a 2 Mev plane isotropic source incident upon i mean free 
paths of lead 
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Figure 16. ihe energy-group components of the transmitted 
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is simply the source strength. 
To further investigate the usefulness of the transmission matrix 
method to radiation shielding problems, transmission calculations were 
made for two-layer slabs. !n one case, the slab was made up of a layer of 
water followed by a layer of lead, j-i^O-Pb slab; and in the other case, the 
materials were reversed, Pb-H^O slab. Energy buildup factors were calcu­
lated for a variety, of water and lead thicknesses and the results are 
plotted in Figures 19 and 20. The general shapes of the curves are very 
similar to those obtained by Shimizu (15) and Bowman and Trubey (4). 
However, since the gamma sources in these investigations were different 
from the one employed here, actual magnitudes of the energy buildup factors 
could not be compared. To check the magnitude of the two-layer energy 
buildup factors, use was made of the semi-empirical formula derived by 
Broder, Kayurin, and Kutuzov (6). The formula for two-layer slabs is 
=  s , ( x , )  +  b g t x j  +  x ^ )  -  b g f x , )  ( 1 2 0 )  
where the indices 1 and 2 refer to the first and second materials respec­
tively, and X. is the thickness of the i-th lamina. Table 1 indicates 
"cne accuracy of the transmission matrix method for calculating energy 
buildup factors for laminated heterogeneous slabs. The buildup factors for 
the individual laminae employed in equation 120 were taken from this 
investigation. 
Overall, the results obtained by the transmission method agree quite 
well with those obtained by other methods. It should be noted that the 
major source of error is probably due to the angular approximation. 
According to Yarmush, Zell, and Aronson (2), to obtain a high degree of 
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Table i» Energy buildup factors of lead followed by waier for a 2 Mev 
isotropic plane source. refers to the lead thickness in 







Broder, et al. 
Formula 
Percent 
Dev iat i on 
2 1 2.48 -:-4. 6 
2 3 3.21 3.14 <4.2 
2 5 3.92 3.84 -:-2. 1 
4 1 3.04 2.86 -r6 „ 3 
4 5 6.19 5.90 +4.8 
accurac y at least a seven order half-range Legendre polynomial expans i on 
for the angular variable is required. The effect of the order of the 
angular poIynomi al is even more critical as the slab increases in thickness 
Tn i s wo uld account for the increasing deviation in the energy bu i1dup 
factor curves as the slab thickness increases. 
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SECONDARY GAMMA TRANSMISSION THEORY 
In the preceding chapter an expression was derived for the transmis­
sion operator T as a function of the slab thickness, the number of energy 
groups, and the order of the angular polynomial expansion approximation. 
ThuSj given an infinite plane source vector, 0^, the transmitted flux 
vector may be obtained by the relationship 
In the calculation of the transmission of secondary gamma rays, the 
contribution to the total transmitted flux vector of reflected gamma rays 
will be ignored since it involves the product of R and T, and the elements 
of the R matrix are very much smaller than those of the matrix T. if this 
consideration is taken into account, it can be shown that the matrix T 
satisfies the same relation as the transfer matrix H, that is. 
where n is the number of laminae of thickness t which make up the slab. 
in order to apply the T operator to a distributed source, such as the 
secondary gamma source produced by thermal neutron capture, the distributed 
source must be approximated by a finite number of infinite plane sources. 
Once the magnitudes of the infinite plane source vectors are determined, as 
v/eli as their effective locations in the slab, the total transmitted flux 
due to all of the sources will simply be the sum of the transmitted vectors 
of each of the individual plane sources. In other words. 
2 -  =  T ( t ) 9  
o 
( 1 2 1 )  
T(nt )  =  T" ( t )  ( 1 2 2 )  
t ^ t i  (123) 
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where i indicates the number of infinite planes sources approximating the 
distributed source. 
Secondary Gamma Source 
Although only secondary gamma sources produced by thermal neutron 
captures will be considered, there is no reason to believe that the same 
approximations will not hold for other types of reactions yielding 
secondary gammas. 
Secondary gammas produced by thermal neutron captures are generally 
considered to be produced isotropica11y. This assumption will be made in 
ihis investigation. Thus, the number of secondary gammas produced in the 
thickness hX = - t^ having energy E' and traveling in the direction 
such that the cosine of the angle with the slab normal is cu' is 
0r(w:,E') = y J Kô(t)cj f(E')dt (124) 
^  1  
where -:(t) is the thermal neutron flux distribution as a function of the 
distance t, c is the macroscooic thermal neutron capture cross section, 
n/y 
f(E') is the secondary gamma energy spectrum, and K is the number of 
secondary gammas produced per thermal neutron captured (15)» 
This source will be approximated b y  an infinite plane source of 
gammas located at an effective position in the slab, which is 
weighted with the secondary gamma s o u r c e  0 r(w' ; E ' ) .  Thus 
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"eff 
^  J  t K ç ( t ) &  f ( e ' ) d t  
-  y  " }  (  
1 
t  j  k ô ( t ) c  f ( e ' ) d t  
{2 r 
' 1  
( 1 2 5 )  
^ 2  
t ë ( t )  dt 
ô ( t ) d t  
A slab made up of n laminae ail of thickness T is depicted in 
Figure 21. 
figure 2]. Secondary gamma source 
For simplification, the distributed source is assumed to be approximated by 
only one infinite plane source, located in the first lamina„ The thick­
ness of the individual laminae should be less than or equal to one gam,ma 
scattering mean free path of the material» 
In order to take advantage of the property of the i operator indicated 
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in equation 122, the infinite plane secondary gamma source must be adjusted 
so that it coincides with the face of a lamina, in this case, the inter­
face between the first and second laminae. The source adjustment involves 
two factors. First, there is the simple exponential attenuation factor, 
exD ( - ( T  - t a n d  secondly, there is the distortion of the angular 
'  0  1 1  
dependence of the flux. With the assumption that there are no scattering 
events taking place while the gammas travel through the thickness 
T - t rj: < I mean free path, the angular dependence will be transformed 
fro^Ti isotropic to cosine in nature. Thus the adjusted source at the. inter­
face is 
^  w ' e x p ( t ^ r ^ - t ) 0 g ( w ' ; e ' )  ( 1 2 6 )  
or; in terms of the half-ran.ge Legendre polynomials, 
c  ^ C I I a 
The transmitted vector due this source is then 
0 ,  =  t r ( n - l ) ï ] g ^ j .  =  t " - ' { t ) 0 ^ ^ j  .  ( 1 2 8 )  
Of course, if the slab in question is not very thin, more than one infinite 
plane secondary gamma source will be required to approximate the distri­
buted source. To determine the number of infinite plane sources required, 
an Iterative process was adopted. At each iteration, the number of infi­
nite plane sources was doubled. This process was then continued until 
convergence of the transmitted flux vector was obtained. 
A sample run was made using the transmission matrix for lead. To 
simplify the problem, the following assumptions were made; 
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k  =  1  
v2(t) = e t in mean free paths 
,  - 2  
CT = 1 cm 
n , y  
f(£) = 2 iMev 
The shield thickness was selected to be eight mean free paths thick, in 
Figure 22 is indicated the transmitted energy flux through eight mean free 
paths of lead as a function of the number of infinite plane gamma sources 
which approximate the distributed secondary gamma source. As can be seen 
in the figure, there is convergence of the transmitted energy flux at 




C j  
Figure 22. 
1 6  0 2 4 6 8 10 12 14 
Number of Secondary Gamma Sources 
Transmitted energy flux due to secondary gamma sources in ei 
mean free paths of lead 
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EVALUATION OF THE TRANSMISSION MATRIX METHOD 
Possibly the most important advancage of the transmission matrix 
method is that various intermediate results are common to problems for 
different shields. A large portion of the computing time goes into the 
calculation of the A_, EU., and C.j. matrices which are employed in the diago­
nal izat ion of the matrix W. These are specific to the material and do not 
involve the slab thickness. The H_, T, and R matrices for a slab are 
character i s'c i c only of the material and slab thickness, and in a laminated 
shield; these matrices are independent of other laminae in the shield. The 
matrices for the overall shield are obtained by simple algebraic operations 
on the matrices of the individual laminae. 
This property of the transmission matrix method makes it particularly 
atiraccive to machine computation. Intermediate results such as the Aj 
and C4. matrices as well as the H_, T, and R matrices for laminae of a 
standard thickness, such as one mean free path, may be stored on magnetic 
tape. They need never be computed again. Thus once the A, B-:-, and 
matrices for water have been computed, they may be used in any shield that 
contains water laminae. Once the H, T, and R matrices for one mean free 
path water slabs have been, computed, they may be used in any shield that 
contains one mean free path water laminae. No competitive method is able 
to use intermediate results to any comparable extent. The energy buildup 
factors obtained in this work for lead-water shields employed this p r o p e r t y  
of the transmission matrix method. Transmission matrices for one mean free 
path lead and water laminae were first calculated and served as input data 
for the two-layer shield program. The total computer time required to 
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generate the data for the curves in Figures I9 and 20 was about eight 
seconds of 36O/65 time. 
Another important advantage of the transmission matrix method is the 
fact that the transmission matrix contains the solutions to a large variety 
of problems. For instance, the first column of the first block column of 
the transmission matrix gives the energy and angular distributions of the 
transmitted flux due to an isotropic source in the uppermost group. The 
second column corresponds to a source whose angular dependence is defined 
by the second half-range Legendre polynomial, 2u)-l. Similarly, the third 
column corresponds to a source whose angular dependence is defined by the 
2 
third half-range Legendre polynomial, 6a) -6w+l. In general, then, the first 
block column of the transmission matrix determines the transmitted flux 
vector due to a source in the upper energy group whose angular dependence 
is defined in the following manner: 
S(w) = a(l) -r b(2w-l) + c(6w^-6w+l) , 
where a, b, and c are constants selected to describe the angular dependence 
of the source. For instance, 
a = l ,  b - c = 0  c o r r e s p o n d s  t o  a n  i s o t r o p i c  s o u r c e ;  
a = Y, b = Y-' c=0 corresponds to a cosine source. 
Thus, one of the advantages of this method is that the transmission matrix 
is determined for a source whose angular dependence is a polynomial in the 
cosine of the angle with the slab normal; and therefore, a large variety of 
problems are solved simultaneously. The above arguments may be applied to 
other block columns as well, so that one may obtain calculations for an 
energy distributed source as well as an angular distributed one. 
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From the foregoing discussion^ ii is clear that the transmitted vector 
v;ill be a function of both the energy of the gamma and the angle with the 
slab normale The three components In each energy group of the transmitted 
vector are simply the coefficients of the three half-range Legendre poly­
nomials. Thus J a transmitted vector yields not only an energy spectrum, 
but an angular spectrum as well. It should be noted at this point that the 
orthogonality property of the half-range Legendre polynomials simplifies 
•cne problem greatly. For instance, if an isotropic source is being consi­
dered, the first component in e a c h  energy group of the transmitted v e c t o r  
corresponds to the total flux transmitted in that group. Similarly, one-
half the sum of the leading components in the first two columns of an 
energy block corresponds to the flux transmitted In that energy group due 
to a cosine source. Similar rules may be derived for higher order sources. 
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SUGGESTIONS FOR FURTHER STUDV 
As has been indicated previously the major s o u r c e  of error in this 
investigation is the order of the half-range Legendre polynomial expansion 
of the angular variable. A higher order polynomial should be used for 
better accuracy. Of course, this would increa:e the size of the problem 
considerably. As an alternative, one might attempt to expand the angular 
dependence by means of other polynomials; for instance, Chebychev polyno-
mi I a 1 J o 
Another approximation employed in this work was the energy dependence 
of the flux in each energy group. The flux was assumed to be constant with 
energy in each group. A better choice for the energy dependence of the 
flux could be obtained from differential energy spectra. Although this 
point is not significant when dealing with narrow energy groups, the energy 
dependence of the flux within the groups becomes Important as the group 
widths become larger. 
Although neutron transmission calculations have not been made in this 
report, the theory of neutron transport has been included. The major 
problem here would be to obtain appropriate group cross sections for 
neutrons. However, transmission calculations for neutrons would be val­
uable, not only for neutron shielding, but also for the calculation of 
secondary gamma ray attenuation. With the fa t neutron distribution ob­
tained with the transmission matrix method, one could then calculate the 
secondary gamma sources due to inelastic scattering of fast neutrons. 
Coupling this secondary gamma source with that one due to thermal neutron 
capture, would yield a good approximation to the production and 
73 
transmission of secondary g a m m a s  in a slab. A l s o ,  since the thermal 
neutron distribution is dependent upon the fast neutron distribution, the 
transmission matrix method would serve to obtain the thermal distribution 
as we'1. 
A final suggestion for investigation is the possibility of applying 
the transmission matrix method to more complex geometries. For instance, 
instead of dealing with infinite plane laminae, one might c o n s i d e r  c o n c e n -
z r J c  s h e ! I s .  
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